ABSTRACT. Let f(n) be an arbitrary arithmetical function and let A N and B N be sequences of real numbers with 0< B N -. + oe with N .
for all continuity points of F(x) . Our aim in the present paper is to determine the sequences A N and B N for which (1) holds . This will be achieved by choosing strongly additive functions G N (n) which are "close" to f(n), a term to be made specific below, and for which the relation
is known to hold with some sequences AN and B N . In (2) again, N---+ -o details are as follows .
n=1 where a N is a sequence of real numbers . Writing cal functions, the reader may want to refer to [7, p . 45] for details .) Since general solutions for (2) are known, our aim is to guarantee the validity of (4), and thus to make the value in (3) as small as possible . The strongly additive function G N (n), asymptotically minimizing (3), was determined by one of us in a recent paper [4] . For this strongly additive function, at prime numbers p,
We shall use (5) as a guide rather than definition for G N (n) and in applications the exact value of (5) will be replaced by asymptotic expressions . We point out that, when a specific choice of the asymptotic expression for (5) has been made, in most known cases the normalizing constants AN and B N in (2) are given by ( 6) A N = G,7 ( p) and We now summarize the conclusions in the preceding arguments .
DISTRIBUTION OF NORMALIZED ARITHMETICAL FUNCTIONS
3 Theorem 1 . Let f(n) be an arbitrary arithmetical function and G N (n) be a strongly additive function, determined by any asymptotic expression of the right-hand side of (5) . Assume that (2) holds with the values given in (6) . Then the validity of (4) implies (1) with A N = a N + AN .
Note that we have a freedom in the choice of a N in (3) . This can help in many cases to guarantee the validity of (4), which is our major assumption . Indeed, if for a choice of G N (n) and a N ,
Therefore, if a N is chosen so that
then (4) On the other hand, if g(d) is multiplicative, then so is f(n), and, by the Moebius inversion formula, all multiplicative functions can be represented in the form of (9) . However, our aim is to obtain a general theorem which does not make these restrictions on g(d) . We shall prove the following result .
Theorem 2 . Let g(d) be an arithmetical function and define f(n) by (9). Let G N (n) be strongly additive which is defined at primes p by the formula We now turn to the proof of Theorem 2 .
Proof. We shall apply Theorem 1, and therefore we have to show that the expressions in (5) and (10) are asymptotically equal and we have to specify a N . For this goal, first observe that
and that, as is well known for any-strongly additive function, (12) and (14) now yield that we can choose G N (p) by the formula (10) to approximate the expression of (5) .
Turning to (4), we get
As is well known, the strong additivity of G N (n) yields (see [7, (3 .5) , But this is exactly the formula (7), from which we deduced that with a suit- This last asymptotic formula follows by elementary but somewhat complicated calculations, hence its details are omitted (the reader can find estimates of a similar nature in [6] ) .
We conclude with a remark . In our approach it was not essential that the argument n of PI(n) should run through the consecutive integers . Whenever the asymptotic distribution of an additive function is known to exist on a sequence m 1 < m 2 < . . . of integers, our argument remains unchanged .
For such extensions of the theory of asymptotic distribution of additive functions, see the survey (Galambos [3] ).
